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O. Introduction 
Let M be a complete Riemannian manifold of dimension n and let P be a compact submanifold 
of M of dimension s. We denote by VeU(r) the volume of a solid tube of radius r about P and 
by Ae u (r) the area of the tubular hypersurface at a distance r from P. Then, 
V~(r )  = n-dimensional volume of {m ~ M I d(m, P) ~< r}, 
A~t(r) = (n - 1)-dimensional volume of {m ~ M [d(m, P) = r}. 
The area and volume functions of tubes and geodesic balls (that is, tubes around a point) in 
symmetric spaces of rank one are well known, [5,6,1 ]. Gray and Vanhecke in [ 10] write down the 
fourth term in the series expansion for the volume of a geodesic ball in an arbitrary Riemannian 
manifold, getting acomplicated expression i terms of the invariants of the Riemannian curvature 
operator. This is the only result valid for symmetric spaces of rank greater than one that we have 
found in the literature, xcept for some formulae for the volume of a geodesic ball in a product of 
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Riemannian manifolds (see [8,9,16]) that can be applied to the product of two symmetric spaces 
of rank one, [ 11 ]. 
This note is mainly devoted to obtaining expressions for the area and volume functions of a 
geodesic sphere and the corresponding ball and for tubes about otally geodesic submanifolds 
P of a symmetric space M whose radius is sufficiently small (less than the injectivity radius i (M) 
of M or than the minimal focal distance minfoc(P) of P in M, respectively). We use for that 
the diagonalization of the curvature operator, or equivalently, the theory of roots of symmetric 
spaces. We plot the graphs of these functions for some compact symmetric spaces of low rank, 
taking into account he classification of compact irreducible symmetric spaces given in [ 12]. 
The computation of the volume is done by integration of the 'infinitesimal change of volume 
function' Ou (t) (see its definition in Section 1), either along the unit sphere of the tangent space 
Tp(M) in the case of a geodesic sphere or along the unit sphere in the normal bundle of P 
in M in the case of a tubular hypersurface around P. We use the general theory of tubular 
hypersurfaces [5] to determine O,(t). Furthermore, we compute the shape operator of these 
tubular hypersurfaces. 
In a symmetric space of rank one, O,,(t) does not depend on u, and the integration of Ou(t) 
over the unit sphere S n-1 (1) is just the multiplication of O,(t) by the volume of S n-1 (I). In a 
general symmetric space of rank q, O,(t) depends on u just as u varies in a maximal Abelian 
subspace. In this work, by using the theory of restricted roots and orbital geometry of the linear 
action of the isotropy group of each symmetric space [14,13], we reduce the integration of Ou (t) 
over S ~- 1 ( 1 ) to an integration over sq- 1 ( 1 ). 
The plan of the paper is the following. In the first section we recall some general properties 
about ubes and symmetric spaces. In the second and third sections we use these results to obtain 
expressions of the volume and area functions of geodesic balls and tubes about some totally 
geodesic submanifolds in a compact Riemannian symmetric space. In the last section we give 
analytical expressions of these functions as well as their graphs in an example of compact sym- 
metric space. In the appendix we plot the volume of a geodesic ball in some compact irreducible 
Riemannian symmetric spaces. 
1. Some general results about tubes and symmetric spaces 
In this section we recall some results about he geometry of tubes and geodesic balls, and give 
some facts about Riemannian symmetric spaces. 
If M is a Riemannian manifold of dimension and P is a submanifold of M, we recall that 
V~(r) denotes the n-dimensional volume of a solid tube of radius r about P, and A~(r) the 
(n - 1 )-dimensional volume of its boundary, Pr. 
Let V denote the covariant derivative of M. For the curvature and the Riemann-Christoffel 
tensor we shall adopt he following sign convention: R(X, Y)Z = -[Vx,  Vr]Z +VEx, y1Z and 
Rx,v,z.w = (R(X, Y)Z, W). 
Let p ~ P and u ~ P~ a unit vector. Let ~(t) be a geodesic of M satisfying ~(0) = p and 
~'(0) = u. Then we define the operator R(t) as R(t)X = R(~'(t)X)~'(t), and we shall denote 
by S(t) the Weingarten map of the tubular hypersurface Pt. 
Now, let to be the Riemannian volume element of M, dP that of P, and du that of the unit 
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sphere S n-'~-t. The infinitesimal change of volume function in the direction of u is the real 
function Ou(t) defined by w(~(t)) = O,(t)du A dP A dt. 
In the next lemmas we summarize some well known facts (cf. [5]) that we shall use in the 
sequel. 
1.1. Lemma. 
S'(t) : S2( t )  -t- R(t), 
Ou(t)O" (t)-- _ (n  - s - l + tr(S(t))) 
fo r forfpfs V~(r) = A~(t )dt  = tn-'~-lO,(t)dudPdt. (1.3) n-s-l(l ) 
1.2. Defimfion. We say that a submanifold P of a Riemannian manifold M is compatible with 
M provided that for all p • P and for each unit vector u • P~ the linear transformations 
T, ~ I, (T, is the Weingarten map) and R, are simultaneously diagonalizable. 
Let M n be a Riemannian manifold, and P" a submanifold of M; then we have 
(1.1) 
(1.2) 
1.3. Lemma. Any point in any Riemannian manifold M is compatible with M. 
1.4. Lemma. 0u (0) = 1 for all unit vectors u • P~ and all p • P. 
1.5. Lemma. Let M be a symmetric space. Then the eigenvalues of R(t) along a unit speed 
geodesic ~ (t ) are constant and the corresponding eigenvectors can be chosen parallel. 
1.6. Lemma. Let M be a locally symmetric space, and let P be a submanifold that is compatible 
with M. Then we have: 
i) the eigenvectors ofthe shape operators of the tubular hypersurfaces about P can be chosen 
parallel along geodesics normal to P, 
ii) any tubular hypersurface about P is also compatible with M. 
Now we will give other general properties of symmetric spaces [12,7]. Let M be a symmetric 
space. It is well known that M can b e written as a coset space M = G/K, where the Lie algebra g
of G can be decomposed as g = m ~ k; where 
[k ,k ]ck ,  [k ,m]Cm and [m,m]Ck .  (1.4) 
The tangent space at any point of M can be canonically identified with m. We denote by (., .) 
the Riemannian metric on M, which is induced from a biinvariant metric on G. 
Let h be a maximal Abelian subspace of m; then, using the theory of restricted roots, we have 
the decomposition 
m = h ~D ~ m~, (1.5) 
c~EA + 
where A + is the set of positive restricted roots of the symmetric space and 
m~ = {X c m [ [H, [H, X]] = -R (H ,  X)H = (adH)2X = -ot(H)2X VH • h}. 
(1.6) 
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The curvature of M = G/K ,  with respect o the metric (-, -), is given by 
Rwxrz  = ([W, X], [Y, Z]) ' v 'W,X ,Y ,Z~m;  
then, it follows that the sectional curvature of M satisfies 
(1.7) 
KHx = a(H)  2 for I l n l l  = IIXII = 1, X E m~, H ~ h. (1.8) 
1.7. Lemma.  ([12,18]) Let h and hi be two maximal Abelian subspaces of re. Then 
i) there exists an element X E h whose centralizer in m is just h; 
ii) there is an element k ~ K such that Ad(k) h = hi, and 
iii) m = Uk~r Ad(k) h. 
1.8. Lemma. Let M be a symmetric space, let ~(t) be a geodesic in M with ~(0) = p and 
~' (0) = u, and let h be a maximal Abelian susbpace of m such that u ~ h. Then, the conjugate 
points of p along ~(t) are given by ~(zrk/ot(u)), where k is a positive integer and a ~ A +. 
Proof. Using a similar method as for locally symmetric spaces, [4, p. 121], and (1.6), having in 
mind the identification between any tangent space to M and m, we obtain the result. [] 
1.9. Lemma. ([2, p. 246]) Let M be a simply connected Riemannian symmetric space and let 
~(t) be a geodesic as in Lemma 1.8. The cut point y = ~(tl) of p along ~(t) coincides with the 
first conjugate point of p along ~ (t). 
2. The area and volume functions of a geodesic ball in a compact symmetric space 
Using the results of the preceding section about symmetric spaces we will give a general 
formula for the volume and area of a geodesic ball in a compact symmetric space. 
2.1. Proposition. Let M be a compact symmetric space, ~ (t ) a geodesic in M such that ~ (0) = p 
and ~' (0) = u, and h a maximal Abelian subspace of m such that u is a unit vector in h. Then, 
the infinitesimal change of volume function Ou (t ) is given by 
Ou(t) = t -(n-q) I-~ sin(taj(u)) (2.1) 
j=q+l aj(u) 
where q is the rank of M, (i.e., dim(h)), and ctj varies in A +, where without loss of generality 
we assume that 0 = oq (u) . . . . .  aq(U) < aq+l(u ) <~-.. ~< an(U). 
Proof. Let Fl (t) . . . . .  Fn(t) be an orthonormal flame field along ~(t) such that for each t and k, 
F~(t) is an eigenvector f S(t) and FI (t) = ~'(t). We suppose that F,(0) are the eigenvectors 
associated with the eigenvalues 0 . . . . .  0, ao+l (u) . . . . .  a~ (u), respectively and F1 (0) . . . . .  Fq (0) 
form a basis of h, and put u = Fl (0). Then the Riccati equations (1.1) can be written as, [5], 
k~,(t) = ka(t) 2 + R~'¢t)Fu~t)~'¢,)F~t), a = 2 . . . . .  n. (2.2) 
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Taking into account Lemma 1.5 and the expression (1.8) we have 
R~,(t)Fi(t)~,(t)Fi(t) = euFi(O)uF~(O) = 0,  i = 2, . . . ,  q; 
(2.3) 
R~,(t)Fj(t)~,(t)Fl(t) = RuFj(O)uF)(O) = Otj(U) 2, Otj E A +, j = q + 1 . . . . .  n. 
Therefore, along ~, the Riccati differential equations (1.1) for the principal curvature functions 
of the geodesic spheres are given by 
k~(t) = ki(t) 2, i = 2 . . . . .  q; (2.4) 
k~(t) = ki(t) 2 + otj(u) 2, j = q + 1 . . . . .  n. 
The solutions of equations (2.4) with initial conditions k~ (0) = -oo  are 
ki(t) = - l / t ,  i=2  . . . . .  q; 
oej(u) 
kj(t) tan(totj(u))' J = q + 1 . . . . .  n. 
Now, using the expression (1.2) we obtain the desired result. [] 
Remark.  From the above proposition we can obtain the Jacobi vector fields Wk (t) along the 
geodesic ~(t), which appear in [15], using the relation between the shape operator and the Jacobi 
operator given in [ 17]. 
2.2. Proposit ion. Ou (t) doesn't depend on the vector chosen in the orbit Uk~r Ad(k)u. 
Proof. Let u be a unit vector in m, and Ou(t) the infinitesimal change of volume function in 
the direction of u. Let U l be an arbitrary vector in the orbit Uk~r Ad(k) u. We will prove that 
o,, (t) = Ou, (t). 
We know that there exists a k 6 K / Ad(k) u = u i ~ h 1. Let Tu denote the restriction of (ad u) 2 
to m; then if X ~ m we have 
TAd(k),(kXk -~) = Ad(k) o T, o Ad(k-1)(kXk -1) 
(2.5) 
= Ad(k) o TuX = Ad(k)(ot2(u)X) = ot2(u) kXk -t.  
Then kXk -J is an eigenvector f TAd~k),, with eigenvalue ot2(u), and we have in (2.4) the same 
differential equations with the same initial conditions, which implies that O, (t) = 0,1 (t). [] 
Remark.  From Lemma 1.7 and Proposition 2.2 we have that given a maximal Abelian subspace 
h in rn and a unit vector u E h, for all maximal Abelian subspace hl in m there exists a vector 
ul ~ hi such that Ou(t) = Oul(t). 
When the submanifold P is a point p ~ M, the integral in (1.3) reduces to 
f0 r lots M (t) d t= tn- lo .  (t) du dt. (2.6) VM (r) = Ap ,-'(1) 
In a symmetric space of rank one 0,, (t) does not depend on u, and the integration over the 
unit sphere Sn-l(1) is just the multiplication of 0u (t) by the volume of Sn-l(1). In a general 
symmetric space of rank q, Ou(t) depends on u just as u varies in a maximal Abelian subspace. 
We will use this fact to reduce the integration (2.6) over S ~-I (1) to an integration over S q-I (1). 
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2.3. Proposition. Let S ~- l (1) and S q- l (1) be the unit spheres in m and h, respectively; then 
Sn-l(1) = U Ad(k) sq-l(1). (2.7) 
k~K 
Proof. Let u ~ sn-l(1). From Lemma 1.7 we have u = Ad(k) H with H e h, and hence 
(H, H) = (Ad(k) H, Ad(k) H) = (u, u) = 1. [] 
2.4. Proposition. ([13]) Let K /Kn  be the principal orbit type of the linear action 
Ad: K x m --+ m, and k, h the Lie algebras of K and KH respectively. Then the volume of 
a principal orbit K(u), which is diffeomorphic to K /Kn ,  is given by 
• 2 Vol2(K(u)) = v(u)  2 m_ C 2 IXT(u)/x... A Xd(U)lm, (2.8) 
where c is the volume of K /Kn,  X~ is the Killing vector field on m corresponding to the one- 
parameter subgroup Exp(tXi) and Xi, 1 <<. i <<. d, is an orthonormal basis of rl, (71 is the 
perpendicular complement ofh in k ). 
Remark. ([14]) In our case m is a linear K-space, and then v(u) 2 is an invariant polynomial 
and hence can be expressed in terms of its basic invariant functions, which gives v(u) 2 = 
c, 
2.5. Theorem. The area of a geodesic ball in a symmetric space M = G/ K is given by 
zn AMp (t) = c t q-a sin(t~) (u)) du (2.9) 
J q-I-1 
where c is a constant and C is a domain ors  q-1 (1 )  given by its intersection with a Weyl chamber. 
Proof. We have the linear action Ad : K × m --+ m. If two orbits of this action intersect, hen 
they are the same orbit, i.e., 
kEK kEK kEK kEK 
and the orbit space of this action is given by the Weyl chamber, Do, as a Riemann stratified set 
[14, Prop 2.1]. Taking this and Proposition 2.3 into account, we can apply Fubini's theorem and 
write the following integral as 
AM(t) = fS tn-lou,(t) dul=tn-lfcfu Ou,(t)du,, (2.10) 
n--l (1) keg Ad(k) u 
where C is S q-1 (1) N Do and u is a unit vector in C. But Ou(t) is a function of the point u and 
from Proposition 2.2 it does not depend on the vector chosen in the orbit Uk~r Ad(k) u; so we 
have 
AMp(t) = tn-I Jc v(u)O,(t)du 
f¢  
(2.11) 
where v(u) is the volume of the orbit Uk~x Ad(k) u and du is the volume element of the unit 
sphere Sq-l(1). But from the above remark, v(u) = c I-IT=q+! otj(u). Then replacing the value 
of O~ (t) obtained in Proposition 2.1, we have the desired result. [] 
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Remark. The value of the constant c can be obtained from Proposition 2.4 on each symmetric 
space. 
2.6. Proposition. Let M be a simply connected Riemannian symmetric space. The injectivity 
radius of M, i(M) : infyeM d(y, C,n(y)), is given by the smallest value of rr/ot(u), where u 
varies in the unit sphere of h and ot E A +. 
Proof. From Lemmas 1.8 and 1.9, it follows that if ~(t) is a geodesic in M with ~(0) = p and 
~'(0) = u, u ~ h, then ~ (rc/u(u)) is in Cm (p), a cut point of p along ~. On the other hand, using 
Lemma 1.7, we have that for all geodesics ~(t) such that ~'(0) = u ~ m, then u ~ hi, hi being 
a maximal Abel±an subspace. But as a consequence of Proposition 2.2 we have that or(u) does 
not depend on hi, so, 
i (M) = infu~sq-, (1)(rr/a (u)) (2.12) 
and we have the result. [] 
3. Tubes about totally geodesic submanifoids in compact symmetric spaces 
In this section M = G/K will be a compact n-dimensional Riemannian symmetric space and 
P = U/L an s-dimensional compact totally geodesic submanifold in M. Here, g = m + k and 
/z = p + l are the canonical decompositions of g and/z, respectively; and we consider in M a 
metric induced by an Ad(G)-invariant inner product on g. 
We assume that the orthogonal complement p±, of p in m, is a Lie triple system, i.e., 
[p±, [p_L, p±]] C p±. (3 .1 )  
Then, [12, p. 224], S = Exp(p ±) has a natural different±able structure in which it is a totally 
geodesic submanifold of M satisfying TpS = pz and S is also a Riemannian globally symmetric 
space and we write it as S = U'/L'. 
Moreover, if u is a vector in pZ, from (3.1) the curvature operator R, satisfies the condition 
of preserving the curvature, Ru(p) C p and R~(p z) C p±. 
Let u be a unit vector in p±, a a maximal Abel±an subspace of pz containing u and h a 
maximal Abel±an subspace of m containing a. Then, if rank(S) = r and rank(M) = q, we have 
thatr ~<q. Letb=hAp.  
Let ai, 1 ~< i ~< n - s, be the positive restricted root system of p±, and/~j, 1 ~< j ~< s that 
of p. It follows from (3.1) that we can choose a basis {Y1 . . . . .  Yn-A that diagonalizes R~lpi, 
such that Yl . . . . .  Yr belong to a. Then, a2(u) . . . . .  ot2_.,(u) are the eigenvalues of Rulp± with 
ot~(u) . . . . .  ot~(u) = 0. Likewise, we can choose a basis {XI . . . . .  X,} o f  p that diagonalizes 
R~lp and such that Xl . . . . .  Xq_r belong to b. Then,/~2(u) . . . . .  32(u) are the eigenvalues of 
R, Ip, with ~2(u) 2 . . . . .  ~q_r (U)  = O. 
In this way we get a basis {Xl . . . . .  Xs, I"1 . . . . .  Yn_,} of m which diagonalizes Ru 
with eigenvalues given by the squares of the values on u of the positive restricted roots 
2 2 2 . . . .  ~.,, oq, , ofm. • • • Oln_ s 
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3.1. Proposit ion. Let M = G/K  be a compact Riemannian symmetric space and P = U/L 
a compact totally geodesic submanifold in M which satisfy (3.1). Then, the infinitesimal change 
of volume function Ou(t) of M, with u a unit vector in a, at a point p of P is given by 
n- -S  .~" 
Ou(t) = t -n+s+r V I  sin(tctj(u)) I-I cos(till(U)). (3.2) 
.j=r+l O/j (U) i=q-r+l 
Proof. Let ~ be a unit speed geodesic in M with ~(0) = p and ~'(0) = u. Because P is a totally 
geodesic submanifold of M, Tu is zero and Tu ~ I is a diagonal transformation. This and (3.1) 
imply that P is compatible with M. 
Let {X1 . . . . .  X.~, Y1 . . . . .  Yn-.,.} be an orthonormal frame as before with I:1 = u. Since M is a 
symmetric space, we can choose a parallel orthonormal frame field {El (t) . . . . .  En(t)} along 
which coincides with {X~ . . . . .  X~, 1:1 . . . . .  Y~_~} at p. Then Proposition 1.6 implies that each 
Ek(t) is an eigenvector of both R(t) and S(t), and just as in Proposition 2.1, we have that the 
principal curvature functions of the tubular hypersurfaces about P satisfy the Riccati differential 
equations (1.1), although some of the initial conditions are different. 
More precisely, we have 
km(t) = k2a(t), 
ki t) = k (t) + 
(t) = (t), 
k; t) = k2, (t) + 
The initial conditions are 
A=2, . . . , r ;  
j=r+l  . . . . .  n-s ;  
B = 1 . . . . .  q - r ;  
i=q- r+ l  . . . . .  s. 
(3.3) 
k A (0) = kj (0) = - (x) ,  (3.4) 
k8 (0) = k, (0) = O. 
(kB (0) = ki (0) = 0 because P is totally geodesic and then Tu = 0). The solutions of (3.3) with 
initial conditions (3.4) are: 
kA(t) = - - l / t ,  
d 
kJ (t) = -~-  log sin(tctj(u)), 
kB (t) = O, 
d 
ki(t) = -5  log cos(t/3i (u)), i = q - r + 1 . . . . .  s. 
These solutions allow us to obtain tr S(t) and from (1.2) we get the proof of (3.2). 
A=2, . . . , r ;  
j=r+l  . . . . .  n-s ;  
B=I  . . . . .  q- r ;  
[] 
3.2. Theorem. The area of the tubular hypersurface at a distance t from P is given by 
AMe(t)=cVol(P)tr - '  fc ~ sin(tt~j(u)) f l  cos(tfli(u))du (3.5) 
C.=/ r+| i=q-r+l 
where c is a constant and C is a domain in the unit sphere S r-l (1) of a, given by its intersection 
with the Weyl chamber of the linear action Ad : L' × p± ~ p±. 
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Proof. We know that 
a~t(t) = fe fs  tn-'~-lOu,(t)duldP (3.6) 
n-.~-I (1) 
where Sn-'~-I (1) is the unit sphere in p±. From Proposition 2.3 and applying Fubini's theorem 
as in Theorem 2.5, we have 
a~t(t) = tn-"-l fe fc fU,vgd(k) Ou,(t)duxdP 
(3.7) :r-m-'f, f Vol(UAd( )u)Ou(t)dudP. 
From Proposition 2.4, the value of Vol (I,.JkeV Ad(k) u) is c Iq7-;+1 This, together with 
the value of Ou (t) obtained in Proposition 3.1, yields the result. [] 
Remark. The constant c can be obtained from Proposition 2.4 for each symmetric space M and 
each totally geodesic submanifold P. 
3.3. Proposition. Let ~(t) be a geodesic in M such that ~(0) = p, p ~ P and ~'(0) = u, u a 
unit vector in a. Then, the conjugate points of P along ~ are ~ (krr /etj (u) ) and ~ (krr /2~i (U) ), 
where k is a positive integer. 
Proof. The Jacobi vector fields W (t) such that W (0) ~ Tp P and W'(O) + S~,(o) W (0) ~ (Tp P) ± 
are 
Wi(t) = ci cos(~i(u)), i = 1 . . . . .  s; (3.8) 
Zj(t) = kj sin(~i(u)), j = 1 . . . . .  n - s 
where ci and kj are constants. The zeros of these Jacobi fields are k~r/2~i(u) and kTr/otj(u), 
respectively. So we have proved the required result. [] 
3.4. Corollary. When the first conjugate locus of P and the cut-focal locus of P agree (see [3]), 
the minimal focal distance of P in M is given by 
minfoc(P) = inf 2fli(u)' clj(u) u ~ aand Ilull = 1 . 
4. Examples 
Now, we will consider the irreducible compact symmetric space M = S O (5)/S O (2) x S O (3) 
1 with the metric given by (X, Y) = ~ trace XY t. Applying the general results of the preceding 
sections we will give numerical values for the area and volume functions of geodesic balls in 
M and for the area and volume functions of the tubes around the totally geodesic submanifolds 
S O (4) / S O (2) × S O (2) and S O (3) / S O (2). We will plot the graphs of these functions, which 
are valid for radii less than the injectivity radius of M for geodesic balls and less than minfoc(P) 
for tubes. 
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The tangent space m to M at any point consists of all matrices of the form 
{(0 x)l / 
m = -X  t 0 X real 3 x 2 matrix ; (4.1) 
the dimension of M is 6 and a maximal Abelian subspace h of rn is given by the matrices of the 
form 
2 
h = ~ R(Ei,3+i - E3+i,i) (4.2) 
i= I  
where Eij denotes the matrix (&i~bj), 1 ~< a, b ~< 5. Consequently, the rank of M is two. 
Let u = (x, y) be a unit vector in h. Then x 2 + y2 = 1, and the eigenvalues of Ru are 0 
with multiplicity two, and x 2, y2, (x - y)2 and (x + y)2 with multiplicity one. Moreover, 
Do = {(x, y) I x /> y/> 0} is a closed Weyl chamber and the volume function of the orbit is, 
by (2.9), v(u) = 87r3xy(x 2- y2). So, using Proposition 2.5, we have that the area of a geodesic 
ball in M is given by 
f rr l4 
A~(t)  = 8zr 3 t sin(t (cos 0 + sin0) ) sin(t(cos 0 - sin0) ) (4.3) 
dO 
x sin(t cos 4') sin(t sin 4') dO. 
Using Proposition 2.6, we get that the injectivity radius of M is Jr/VC2. The graphs of the area 
(A~(t))  and volume (V~(r )  = r 1~ fo Ap (t) dt) functions for geodesic balls in M are as follows: 
75 
50 
25 
-25 
-50  
-75  
-100  
0 ~ '  ' ' ' ' 
A~(t)  
80 
60 
40 
20 
0.5 1 1.5 2 2.5 3 
V~ (r) 
Note that these graphs are valid only from 0 to i (M) = ~r/vC2. 
4.2. Tubes about P = S0(3) /S0(2)  
Let P = S0(3) /S0(2)  be the totally geodesic submanifold of M whose tangent space is 
given by 
{(0 0 o) 
p= 0 0 X 
0 --X t 0 
X real 1 x 2 matrix (4.4) 
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An easy calculation shows that [p, [p, p]] C p and [p±, [p±, p±]] C p±; moreover S = 
S0(4) /S0(2)  x SO(2) is the totally geodesic submanifold whose tangent space is p±. A 
maximal Abel±an subspace of S is given by h, (i.e., a = h); and so, the conditions (3.1) are 
satisfied. Let u = (x, y) be a unit vector in h; then 0 with multiplicity two, (x - y)2 and (x + y)2 
with multiplicity one, are the eigenvalues of R, Ip± and x 2, y2 with multiplicity one are the 
eigenvalues of R, Ip. 
From Theorem 3.2, with Ad : (SO(2) x SO(2)) x p± --+ p±, we have 
f 
rtl4 
A~(t) = 8zr 3 t sin(t(cos 4~ + sin $1) sin(t(cos 4, -- sinS)) (4.5) 
d0 
x cos(t cos 4') cos(t sin 4') d~. 
The graphs of the area and volume of the tubes about P are as follows: 
40 
20 
-20  
-40 
40 ¸  
- 2C 
0.5 1 1.5 % 2 i0 
\ 
0.5 1 1.5 
A~(t) V~(r) 
Note that these graphs are valid only from 0 to minfoc(P). 
4.3. Tubes about P = S0(4) /S0(2)  x SO(2) 
P is a totally geodesic submanifold of M whose tangent space at each point can be identi- 
fied with 
0 
p= 0 X 
-X  t 0 
X real 2 x 2 matrix (4.6) 
As in the preceding case [p, [p, p]] C p, [p±, [p±, p±]] C p± and S = S0(3) /S0(2)  is the 
totally geodesic submanifold whose tangent space is p±. A maximal Abel±an subspace of S is 
given by a = ~(E14 - E41). Then a C h, where h is the maximal Abel±an subspace of m given 
by (4.2), and so, conditions (3.1) are satisfied in this case. Let u be a unit vector in a. Then 
u = 1 and the eigenvalues of R, If,- are 0 and 1 with multiplicity one, and the eigenvalues of 
R, Ip are 0 and 1 with multiplicity two. 
From Theorem 3.2, with Ad : SO(2) x p± --+ p±, we have 
A M (t) = 8rr 3 cos2(t) sin(t). (4.7) 
112 A.M. Naveira, X. Gual 
The graphs of the area and volume of the tubes about P are as follows: 
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I 
0.5  1 1 .5  
A~(t) V~(r) 
J 
From Corollary 3.4 we have that these graphs are valid from 0 to minfoc(P) = zr/2. 
5. Appendix 
We plot the graphs for the volume of a geodesic ball, up to a constant factor, in some compact 
irreducible symmetric spaces of rank two from 0 to the injectivity radius of M. 
12 
10 
0.08 
0.06 
0.04 
O. 02 
0.5 i 1.5 2 
AI. SU(3)/S0(3) 
0.06 
0 .05 
0.04 
0,03 
0 .02 
0.01 
015 1 1.5 2 
All. SU (6)/Sp(3) 
0.25 0.5 0.75 1 1.25 1.5 
AIII. SU(4)/S(U(2) x U(2)) 
0,0807 
0.0806 
0,0805 
0.0804 
0.0003 
0,0002 
0.0001 
0.25 0.5 0.75 1 1.25 1.5 
Dill. SO(lO)/U(5) 
O. 005 
0. 004 
0.003 
0. 002 
0. 001 
o.'25 o15 0.75 1 1.25 1.5 
0.25 
0 .2  
0 .15 
0 .1  
0.05 
'o15 1 1.5 2 
CII. Sp(4)/Sp(2) x Sp(2) A2. SU(3) 
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